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Abstract 

Potential flow can sometimes be used as a good approximation for various problems. It 

can serve as a backup analytical solution which can be compared to, and one can 

intuitively relate with when solving otherwise complex flow problems. Potential flow does 

have its limitations and is accompanied with several assumptions and approximations 

that have to be explicitly stated and accounted for. Otherwise the solution would not 

make much sense. 

Problem Description 

We are presented with the following description of the butterfly valve. 

 

Given Information for the problem: 

Far upstream, ��� � ���� = constant 

�	
� � �
������ 

�� � �
������ 

The butterfly valve is placed at any angle in the channel.  

Deliverables: 

Flow field (information) 

� � 

� ��� 

� Pressure distribution 



Formulation 

Assumptions & Consequences 
Since we use potential flow theory, we must incorporate various assumptions. The most 

important however is that flow is irrotational for potential flow. Since we are saying that 

there is no rotationality, this leads to being able to use formulas that assume irrotational 

flow, such as Bernoulli’s equation between any 2 points. Before we discuss that, however, 

we must first list all the other critical assumptions. 

We are assuming that this flow is steady. This assumption must be stated when using 

potential flow theory. Steady assumption gives way for the problem to be analyzed in a 

simpler manner, because the mass flow rate of flow coming in is equal to that going out 

over a given cross section. However, in cases where this is not true, one cannot assume 

steady flow and thus one cannot use Potential flow theory. 

Since it is given in the problem statement that the density of air remains relatively 

constant, one can assume incompressible flow past the butterfly valve. Compressibility 

effects generally come into the picture when the velocities are close to 0.8 Mach. 

However, for all practical purposes, the flow is assumed to be well in the subsonic region 

and hence compressibility effects (though minor) are neglected. 

One must assume that the problem is 2-dimensional, as modeled in the problem 

statement and required for simplistic analysis using potential flow. 

Since the fluid is air, gravity (and gravitational effects) can be neglected since the density 

of air is relatively small, and the valve is not as large.  

For purposes of analysis, the butterfly valve is assumed to be infinitely thin. This can 

never be the case in reality, but to simplify computations and get a good approximation, 

this assumption is used. 

Finally, it is important to note that viscosity is neglected. The presence of viscosity would 

impose various conditions on the boundaries of the valve, which would require complex 

analysis (such as Navier Stokes). This is beyond the scope of potential theory, and hence 

viscosity must be neglected. 

 

 

 



Summary of Assumptions 

o ����� � 0 (Irrotational) 

o � � 0 

o Steady 

o Incompressible, �	
� � �
������ 

o Gravity neglected 

o Infinitely thin butterfly valve 

 

Governing Equations 

 

From the continuity equation in potential flow analysis, we have the following important 

equation for the stream function: 

                                                                ��� � �                                                          Equation [1a] 

When expanded, this results in the following: 

                                                           ���
��� �  ���

� � � �                                                     Equation[1b] 

When using potential flow, appropriate definitions need to be made. These are as follows: 

                                                                      ! �  ��
�                                                          Equation[2] 

                                                               " �  # ��
��                                                       Equation[3] 

Now, one can integrate the freestream velocity from 0 to height y, from equation [2]. This 

would give us the following relationship: 

$ ��%& �  
'
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                                                                   ,  �* + � -�                                             Equation[4] 

Finally, one can apply Bernoulli’s Equation (for any 2 points because of irrotational 

assumption) 
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�                                           Equation[5] 

 



Boundary Conditions 

One may get a better understanding of the application of these governing equations, and 

then the boundary conditions by simply looking at the diagram (given). Figure [2] 

attempts to visualize the boundary conditions that are to be imposed for applying the 

governing equations 

 

 

Figure [2] : Boundary Conditions 

 

From equation [4], it is possible to evaluate the stream function at the midpoint of 

the valve. This shall indeed be the stream function all along the top and bottom surfaces 

of the valve as depicted in figure [2]. This leads to: 

� � *-�2�/�+  on the valve. 

Furthermore, at y = 0 we have  
� �  �  

Also at y = L2, we have � �  -�2� 

We note that the length of the valve is also L2, so that when the valve is 

perpendicular to the x axis, the flow is completely stopped. 

� �  -�2� 

� �  � 

� �  -�  

Inflow Boundary, 

Outflow Boundary: 

If outflow boundary is 

far from the valve, 

then we expect the 

flow to be parallel. 

� � *-�2�/�+   
 

24 
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Numerical Solution 

Discretizing the Domain 

Using potential flow, one can model this problem with the aid of a computer 

program. In order for us to do this, we must first approach this problem (including the 

governing equations discussed earlier) from a purely numerical standpoint. This will 

enable us to develop an algorithm that can be used towards simulating this problem on 

the computer. 

Using the finite difference method approach, one can solve this problem using the 

following steps: 

1st Step : Discretize the domain 

2nd Step : Discretize the Partial Differential Equation  

3rd Step: Solve resulting equations 

In order to discretize the domain, one must generate a grid, along which the valve 

rests and the intersections of the grid would coincide with the grid. This process is shown 

in figure [3]. 

 

Figure [3] : Discretizing the domain: Grid generation 

Now we derive the grid point separation relationship and illustrate explicitly how one can 

generate the above grid. 
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From the grid drawn above, we get the equation the vertical spacing between the grids. 

The number of grids must be subtracted by 1 due to the fact that the zero j grid starts at 1.  

To ensure that the valve meets the grid along the intersections, one must define ∆6 as 

follows, using the relationship: 

∆6 � �
�*9+∆& 

This is rather evident from the sketch of the angle with respect to the grid points. 

Discretizing the Partial Differential Equation 

 

Gauss Siedel Method 

The Gauss Siedel method employs the technique of solving the left hand side of the 

equation (matrix) by operating on the right hand side using previously known values for 

the same. 

 This is an iterative process, and is used in this scenario to find the stream function 

around the butterfly valve. This process would make the solution converge towards the 

end of the iteration, and further techniques will be employed to allow the solution to 

have the desired degree of accuracy.  

The Taylor series approximation allows us to break a second order partial differential 

equation into finite iterations, to be able to numerically and iteratively converge to give a 

local approximation of the solution. This is particularly useful for this problem, and this 

technique combined with the G-S method is employed in order to find the solution. We 

can thus derive equation [6] from equation [1b], and this allows us to put the partial 

derivate into our iterative algorithm. 

                                            �?@4,B= �C�?,BD �?E4,B
∆��  � �?,B@4= �C�?,BD �?,BE4

∆ � � �                          Equation [6]  

One can then insert equation [6] into an algorithm to be able to solve for �
,F and derive 

the stream function around the butterfly valve. 

Successive Over Relaxation  

The SOR is used with Gauss Siedel in order to maintain accuracy, and reduce error to set 

tolerance limit. The SOR  basically speeds this process up in order to save computational 

time. The iteration scheme used for this particular problem is discussed in the coding 



section of the report. However, we note that the algorithm for general cases for using 

SOR is as follows. The parameter G is employed, and checks for convergence between the 

old matrix and new matrix by iterating through each new term and checking with the old 

one.  

N(x,y) = G H*6, &+ � *1 #  G+ C J*6, &+KLMNM H*6, &+O� �LM �MK P�QRM, ��% J*6, &+�LM 
Q%.  
Tolerance & Error 

In order for this algorithm to be complete, one must specify when to stop iterating. This 

is done by setting the tolerance factor, and basically saying that when the solution has 

converged to a point where the relative error is near the machine zero, then we can stop 

iterating. Machine zero is identified to be 1x10^-7, and this does mean that the solution 

obtained will have a certain degree of error. However, for engineering applications, this 

error needs to be critically set to as little as possible without hurting the time budget 

allotted for solving a particular computation. Hence, one uses the criteria of relative error, 

in conjunction with absolute error in order to check for convergence and stop iterating 

the algorithm.  

 

   TUUVU �  W*�?XD4 # �?X+/*�?XD4+W                                       Equation [7] 

 A complete description of the algorithm, the numerical methods, and the process is 

described illustratively in figure [4]. 

 

 

 

 

 

 

 

 

 

 

 



 

Algorithm Overview  
 

 

Figure [4] : Overview of the algorithm to get the desired stream function

Computation of Velocities and Pressure

 

Using equations [2] and [3], one can write the numerical solution for the components of 

velocity as follows: 

Overview of the algorithm to get the desired stream function

Computation of Velocities and Pressure 

Using equations [2] and [3], one can write the numerical solution for the components of 

 

Overview of the algorithm to get the desired stream function 

Using equations [2] and [3], one can write the numerical solution for the components of 



R
,F � �?,BD4 #  �?,B=4
�∆   

Furthermore, 

P
,F � �?D4,B #  �?=4,B
�∆   

This uses gives a reasonable approximation for the local flow field around the valve. For 

finding pressure, we make use of the fact that we are assuming irrotational flow, and thus 

Bernoulli’s equations (irrotational) are valid. Thus, we employ equation 5: 

                                   ./
0/

� 1/�
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�                                           Equation[5, repeated] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Results & Discussion 
 

First of all, assuming that the angle of rotation is pi/4 and the length L2 is arbitrary, we can generate the 

grid and get a stream function for free stream velocity of 19 (arbitrary). These inputs are used in order 

to explain the solution, they can be set to any desired value later on. 

 

 

The valve is then set in place, and the new free stream function is computed with the valve inside. The 

basic form of this is as follows: 

 

 

The valve can be seen numerically set in the matrix at the constant stream function values. 

One can then take this stream function, and output it as a contour plot. This will be an attempt to 

visualize the streamlines and better understand the solution. Figure [5] shows this contour plot. 

 

 

 



 

Figure [ 5] : Contour Plot of the Stream Function and Valve 

 

From this stream function itself, one can identify the two stagnation points on this valve. 

The streamlines generated by the program concur with what we expect theoretically. 

Thus, it proves that the solution generated serves as a reasonable approximation, and till 

a certain point, it is indeed acceptable. One must remember that we have assumed 

irrotational. This will mean that beyond a certain point, we can expect that the solution 

will fail to work because in reality the flow should separate. This will never be the case 

with potential flow, and hence it is important to use other methods to get a more exact (& 

realistic) solution. 

We can now proceed to see the vector diagram, figure[6] obtained for velocity for this 

particular problem, and then use this to get pressure everywhere (using Bernoulli’s 

equation). 
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Figure [6] : Vector Plot of Velocity 

One can see the flow around the valve from this vector plot, and see how the flow goes 

around the butterfly valve. The stagnation points will have zero velocity, and so will the 

all the points along the physical valve itself (on the grid). 

This can be used in conjunction with Bernoulli’s equation in order to find the stagnation 

pressure(s).  

The pressure around the valve can be seen in the pressure matrix obtained: 

 

Ofcourse, a surface plot of the stream function will better illustrate the stagnation points 

on the valve. This is shown in figure [7]. 



 

 

Figure [7] : Surface Plot of Stream Function to visualize stagnation points and 

pressure distribution 

 

The program explains all the steps used to replicate the necessary outputs. However, the 

final diagram that summarizes this flow field is given below: 

 

Figure [8] : Potential Flow around Butterfly Valve 



Appendix : MATLAB Program 
 

%% Initializing constants 

u_inf = 19; %Free Stream Velocity defined 

theta = pi/4; %Defining the angle of rotation of the valve 

L2 = 10; %Setting the height L2 of the pipe 

JL = 11; %Setting grid points in the y direction 

IL = 11; %Setting grid points in the x direction 

OM = 1.5; %Setting omega to be desired tolerance value (used later) 

P_inf = 100000; %Free Stream Pressure 

row = 1; %Air Density = constant 

 

%% Discretize Domain -> Grid Generation 

deltay = L2/(JL-1); %Setting the Delta_y to be the height devided by the number of grid points 

deltax = cot(theta)*deltay; %Using trigonometry, set deltax to relate to theta and deltay 

valveJC = (JL)/2; %Set the middle y value of the valve to be at the center of grid 

valveIC = (IL)/2; %Set middle x value of valve to be at grid center. 

valve = zeros(JL); %Initialize a matrix of zeros for the valve 

v = zeros(11) 

 

for I = 1:IL 

    for J = 1:JL 

 

        XI1(J,I) = abs(u_inf*(J-JL)); %Set initial XI function 

        u(I,J) = u_inf; %Set freestream velocity everywhere 

 



    end 

end 

 

%% Initialize Valve inside the generated grid 

 

numy = (JL*sin(theta))/deltay; %Number of grid points in y direction covering the valve 

numx = (JL*cos(theta))/deltax; %Number of grid points in x direction covering the valve 

 

%Finding the top right corner of the valve to start 

I = floor(valveIC - numx/2 + 2); 

J = floor(valveJC - numy/2 + 2); 

 

%Going from the top right corner to the bottom right corner of valve 

while I ~= floor(valveIC + numx/2 + 1) 

    while J ~= floor(valveJC + numy/2 + 1) 

 

        XI1(I,J) = (u_inf*L2)/2; %Set uniform XI on the valve 

        valve(I,J) = 1; %Generate points that represents the valve 

 

        I = I + 1; %Increment i 

        J = J + 1; %Increment j 

 

    end 

end 

 



%% Finding Solution & Adjusting 

 

%Initially set the new XI matrix to the old one 

XI2 = XI1; 

%Initialize error variable 

error = 1 ; 

%Initialize dummy matrix 

XI4 = XI2; 

 

%Machine zero is 10^-7, hence we want to achieve that level of accuracy. 

while error > 1e-7; 

    XI2 = XI4; %Set dummy variable as new XI2 

    for m = 1: 10000 %The higher this value, the more accurate XI will become 

        for I = 2:IL-1  

            for J = 2:JL-1 

                %When the valve is not present 

                if valve(I,J) == 0 

                    %Gauss Siedel - Method for computation of XI 

                    XI2(I,J) = 0.5*((XI2(I,J+1) + XI1(I,J-1))*deltax^2 + deltay^2*(XI2(I+1,J) + XI1(I-

1,J)))/(deltax^2+deltay^2); 

                    %Successive OverRelaxation technique to get accuracy 

                    XI2(I,J) = OM*XI2(I,J) + (1-OM)*XI1(I,J); 

                    %Tolerance level setting 

                    error = abs((XI2(I,J) - XI1(I,J))/XI2(I,J)) 

                else 

 



                end 

            end 

        end 

        XI4 = XI2; %Replace with dummy matrix 

    end 

end 

%Finally set new XI matrix after final iteration 

XI2 = XI4; 

 

 

%% Computation of velocity, and pressure. 

for I = 2:IL-1 

    for J = 2: JL-1 

        %When valve is not present 

        if valve(I,J) == 0  

            u(I,J) = (XI2(I,J+1) - XI1(I,J-1))/(2*deltay); %u velocity 

            v(I,J) = (XI2(I+1,J) - XI1(I-1,J))/(2*deltax); %v velocity 

            %Pressure found using Bernoulli between any 2 points 

            P(I,J) = P_inf + row*u_inf^2/2 - row*((u(I,J))^2 + (v(I,J))^2)/2 ; 

 

        else 

            %On the valve itself 

            u(I,J) = 0; 

            v(I,J) = 0; 

            P(I,J) = P_inf + row*u_inf^2/2; 



        end 

 

    end 

 

end 

 

 

%% Output Flow Field as Contour Plot 

XI3 = XI2; 

for I = 1:IL 

    for J = 1:JL 

        XI3(J,I) = XI2(I,J); 

    end 

end 

% contour(XI3'); 

 


